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Chapter I 

Introduction 

Combinatorics 

Definition: Combinatorics is concern with the study of arrangements, patterns, designs, 

assignments, schedules, connections and configurations. 

Examples:  

1. A Computer Scientist considers patterns of digits and switches to encode             

complicated statements. 

2. A shop supervisor prepares assignment of workers to tools or to work area. 

 

Three basic problems of Combinatorics: 

1. Existence Problem-> It deals with the question: Is there at least one arrangement of a 

particular kind? 

2. Counting Problem-> It deals with the question: How many arrangements are there? 

3. The optimization Problem-> It deals with the question: Which is the best among all 

the arrangements according to some criteria? 

 

Combinatorials Analysis:   

It deals with permutations, Combinations and partitions which determine the number of 

logical possibilities. Combinatory is in essence, the study of arrangements, pairing and 

grouping, ranking and ordering, selection, and allocation. 

 

Three Branches of Combinatorics: 

1. Enumerative Combinatorics: It is the science of counting which deals with determining 

the number of possible arrangements of a set of objects under some particular constraints. 

2. Existential Combinatorics: It studies concerning the existence of arrangement that possess 

some special properties. 

3. Constructive Combinatorics: It is design and study of algorithm for creating 

arrangements with special properties. 
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Set Theory 

A set is a collection of distinct objects, considered as an object in its own right.  

To describing set, there are two notations 

Roaster Notation  

It is a method of describing the sets directly ie, roster notation is to list all the elements of the 

set one by one.  Example: A = {1,2,3,4,5}, B={a, b, c, d} 

Set builder notation 

An alternative way to define a set, called setbuilder notation, is by stating a property 

(predicate) P(x) verified by exactly its elements, for instance A = {x ∈ Z | 1 ≤ x ≤ 5} = “set of 

integers x such that 1 ≤ x ≤ 5, i.e.: A = {1, 2, 3, 4, 5}. It is a method which describes the sets 

explicitly.  

For example   

 A=  

Set builder notation gives a rule to follow that will tell you how to build the roster 

 

A = {x | 0<x<6, x is a whole number} 

Following are standard notations used for sets which play important roles 

N= {0,1,2,3….}, set of all natural numbers 

Z= {…-2,-1,0,1,2….}, set of all integers 

Z+ = {…-2,-1,0,1,2….}, set of all positive integers 

Q = {p/q | p∈z , q∈z, q≠0}, set of all rational numbers 

R = set of all real numbers 

Null set: A set having no elements is called Null set. It is denoted by φ or A={} 

Singleton Set: A set having only one element is called singleton set. For example A={1} 

Infinite Set: A set which contains infinite number of elements is called infinite set. For 

example 

Z={1,2, 3, 4…….} 

Cardinality : if A is a finite set, then the number of elements in a set is called the cardinality 

or size of the set denoted by . 

For example 

a={1,2, 3, 4} then the cardinality of A, =4. 
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Membership 

The key relation between sets is membership – when one set is an element of another. If a is a 

member of B, this is denoted a ∈ B, while if c is not a member of B then c ∉ B. For example, 

with respect to the sets A = {1,2,3,4}, B = {blue, white, red}, and F = {n2 − 4 : n is an integer; 

and 0 ≤ n ≤ 19} defined above, 

4 ∈ A and 285 ∈ F; but 

9 ∉ F and green ∉ B. 
 

Subsets 

If every member of set A is also a member of set B, then A is said to be a subset of B, written 

A ⊆ B (also pronounced A is contained in B). Equivalently, we can write B ⊇ A, read as B is a 

superset of A, B includes A, or B contains A. The relationship between sets established by ⊆ is 

called inclusion or containment. 

If A is a subset of, but not equal to, B, then A is called a proper subset of B, written A ⊊ B (A 

is a proper subset of B) or B ⊋ A (B is a proper superset of A). 

Note that the expressions A ⊂ B and B ⊃ A are used differently by different authors; some 

authors use them to mean the same as A ⊆ B (respectively B ⊇ A), whereas other use them to 

mean the same as A ⊊ B (respectively B ⊋ A). 

Example: 

 The set of all men is a proper subset of the set of all people. 

 {1, 3} ⊊ {1, 2, 3, 4}. 

 {1, 2, 3, 4} ⊆ {1, 2, 3, 4}. 

The empty set is a subset of every set and every set is a subset of itself: 

 ∅ ⊆ A. 

 A ⊆ A. 

An obvious but useful identity, which can often be used to show that two seemingly different 

sets are equal: 

 A = B if and only if A ⊆ B and B ⊆ A. 

To show something is not a subset, you draw a slash through the subset symbol, so the 

following: 

 ...is pronounced as "B is not a subset of A". 
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If two sets are being combined, this is called the "union" of the sets, and is indicated by a 

large U-type character. If instead of taking everything from the two sets, you're only taking 

what is common to the two, this is called the "intersection" of the sets, and is indicated with 

an upside-down U-type character. So if C = {1, 2, 3, 4, 5, 6} and D = {4, 5, 6, 7, 8, 9}, then: 

 
These are pronounced as "C union D equals..." and "C intersect D equals...", respectively. 

Problems 

 Give a solution using the roster method: A = { 1, 2, 3, 4, 5, 6, 7 }, B is a subset of 

A, the elements of B are even.  

The numbers in A that are even are 2, 4, and 6, so B = {2, 4, 6}. 

 What is the intersection of A = {x is odd} and B = { x is between –4 and 6 }, where 

the elements of the two sets are integers?  

Since "intersection" means "only things that are in both sets", the intersection will be 

all the numbers which are both odd and between –4 and 6. 

{–3, –1, 1, 3, 5} 

 What is the union of A = { x is a natural number between 4 and 8 inclusive } 

and B = { x is a single-digit negative integer }?  

Since "union" means "anything that is in either set", the union will be everything from 

A plus everything in B. Since A = { 4, 5, 6, 7, 8 } and B = { –9, –8, –7, –6, –5, –4, –3, 

–2, –1 }, then their union is: 

{ –9, –8, –7, –6, –5, –4, –3, –2, –1, 4, 5, 6, 7, 8 } 

 Give a solution using set builder notation: The set of all the odd integers.  

An odd integer is one more than an even integer, and every even integer is a multiple 

of 2, so the set would be:  

 
Power sets 

The power set of a set S is the set of all subsets of S. This includes the subsets formed from all 

the members of S and the empty set. If a finite set S has cardinality n then the power set of S 

has cardinality 2n. The power set of S can be written as P(S). 

If S is an infinite (either countable or uncountable) set, then the power set of S is always 

uncountable. Moreover, if S is a set, then there is never a bi-section from S onto P(S). In other 

words, the power set of S is always strictly "bigger" than S. 
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As an example, the power set of {1, 2, 3} is {{1, 2, 3}, {1, 2}, {1, 3}, {2, 3}, {1}, {2}, {3}, 

∅}. The cardinality of the original set is 3, and the cardinality of the power set is 23 = 8. This 

relationship is one of the reasons for the terminology power set. 
 

SET OPERATIONS  

Union of the sets A and B, denoted A ∪ B, is the set of all objects that are a member of A, or 

B, or both. The union of {1, 2, 3} and {2, 3, 4} is the set {1, 2, 3, 4} . 

Intersection of the sets A and B, denoted A ∩ B, is the set of all objects that are members of 

both A and B. The intersection of {1, 2, 3} and {2, 3, 4} is the set {2, 3} . 

Set difference of U and A, denoted U \ A is the set of all members of U that are not members 

of A. The set difference {1,2,3} \ {2,3,4} is {1} , while, conversely, the set difference {2,3,4} 

\ {1,2,3} is {4} .  

When A is a subset of U, the set difference U \ A is also called the complement of A in U. In 

this case, if the choice of U is clear from the context, the notation Ac is sometimes used 

instead of U \ A, particularly if U is a universal set as in the study of Venn diagrams. 

Symmetric difference of sets A and B is the set of all objects that are a member of exactly 

one of A and B (elements which are in one of the sets, but not in both). For instance, for the 

sets {1,2,3} and {2,3,4} , the symmetric difference set is {1,4} . It is the set difference of the 

union and the intersection, (A ∪ B) \ (A ∩ B). 

Cartesian product of X and Y, denoted X × Y, is the set whose members are all possible 

ordered pairs (x,y) where x is a member of X and y is a member of Y.  

 
For example: 

A = {1,2}; B = {3,4} 

A × B = {1,2} × {3,4} = {(1,3), (1,4), (2,3), (2,4)} 

B × A = {3,4} × {1,2} = {(3,1), (3,2), (4,1), (4,2)} 

A = B = {1,2} 

A × B = B × A = {1,2} × {1,2} = {(1,1), (1,2), (2,1), (2,2)} 

If the cardinality of A, |A|=n and cardinality of |B|=m then the cardinality of |AxB|= nxm. ie, 

if |A|=7 and |B|=9 then |AxB|= 63. 

Relations on a set 

In this section we restrict ourselves to talking about relations on a set A and define some 

properties a relation may have.  
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A relation on A is said to be reflexive if for each a∈A, a is related to a. If we let R denote the 

relation then we have aRa for each a∈ A . An example of a non reflexive relation is the 

relation "is the father of" on a set of people. As no person is the father of themself the relation 

is not reflexive. For example if A={1,2,3} then a relation R on A, R={(1,1),(1,2),(2,2),(3,3)} 

is a reflexive relation since, there are (1,1),(2,2),(3,3) ∈ R.  

 

A relation R on A is symmetric if given aRb then bRa. The relation "is the sister of" is not 

symmetric on a set that contains a brother and sister but would be symmetric on a set of 

females. The empty relation on a set is an example of a symmetric relation since the statement 

"if aRb" is always false. For example, if A={1,2,3} then a relation R on A, 

R={(1,1),(1,2),(2,1),(2,2),(3,3)} is a symmetric relation since there is 1R2 and 2R1 is present. 

But a relation S on A, R={(1,1),(1,2),(2,1),(2,2),(2,3), (3,3)} is a not asymmetric relation since 

for 2R3 there is no 3R2. 

 

A relation R on A is transitive if given aRb and bRc then aRc. The relation "is an ancestor of" 

on a set of people is transitive as is the empty relation on a set. For example, if A={1,2,3} 

then a relation R on A, R={(1,1),(1,2),(1,3),(2,2),(2,3),(3,3)} is a transitive relation since for 

1R2 and 2R3 there is 1R3 is present. But a relation S on A, R={(1,1),(1,2),(2,1),(2,2),(2,3), 

(3,3)} is a not transitive relation since for 1R2 and 2R3 there is 1R3 is not present. 

 

A given binary relation R on a set A is said to be an equivalence relation if and only if it is 

reflexive, symmetric and transitive. For Example if A={1,2,3,4} then a relation R on A, 

R={(1,1),(1,2),(1,3),(2,2),(2,3),(3,1),(3,2),(3,3),(4,4)} is an equivalence relation it satisfies 

Reflexive, Symmetric and Transitive properties. 
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Addition and Multiplication principle 

1) Solve using the addition principle. 2x + 5 < x+4  The solution set is {x|x< ?}  

Solution: 

2x + 5 < = x + 4 

Adding -x to both sides, 

==> 2x + 5 - x < = x + 4 - x 

==> x + 5 < = 4 

Adding -5 to both sides, 

==> x + 5 - 5 < = 4 - 5 

==> x < = -1 

Thus solution set is {x | x < or = - 1}  

 

2) Solve using the multiplication principle.5x>-4   

Solution: 

5x > = -4 

Multiplying both sides by 1/5 

==> (1/5) 5x > = - 4(1/5) 

==> 5x/5 > = -4/5 

==> x > = -4/5 

Thus solution set is {x | x > or = - 4/5}  
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Chapter 2 

BASIC COUNTING RULES 

First Counting Principle (Product Rule or Multiplication Principle of Counting): 
Suppose that two tasks T1 and T2 are to be performed one after another. If T1 can be 
performed in N1 different ways and for each of these ways T2 can be performed in N2 
different ways. Then both of the can be performed in N1× N2 different ways. 

Consider the following problem of purchasing a computer: A manufacturer A offers five 
different CPU clock rates, four different sizes of RAMs and three different capacities of disks 
among others. The question is how many different choices of computer there are assuming 
that everything else is the same for simplicity.  

First, there are five possible clock rates. Then for each selection of clock rate one can choose 
one of four RAM sizes giving 5 * 4 different combinations of clock rate and RAM size. Then 
for each of those 20 combinations there are three different disk capacities. Thus there are 5 * 4 
* 3 = 60 different combinations of configurations altogether. This is the Multiplication 
Principle of Counting. As in the case of the Addition Principle, selecting one of five (four or 
three) choices is called an event, and a specific clock rate (RAM size or disk capacity) is 
called the outcome of the event. In general the Multiplication Principle of Counting is stated 
as follows:  

Let A1 and A2 be events with n1 and n2 possible outcomes, respectively. Then the total number 
of outcomes for the sequence of the two events is n1 * n2.  

General Multiplication Principle: 

Let A1, A2, ... Ak be events with n1, n2, ... nk possible outcomes, respectively. Then the total 
number of outcomes for the sequence of these k events is n1 * n2 * ... * nk.  

Example:  

1. Suppose a person has 3 shirts and 5 ties then he has 3×5=15 different ways of 
choosing a shirt and a tie. 

2. How many string of length 2 can be found using the letters A, B, C if repetitions are 
allowed.  
Solution: Here we have three choices for first letter and three choices for the second 
letter. Therefore there are 3×3=9 possible strings. 

3. Suppose that there are three major auto routes from Washington DC to Chicago, and 
five from Chicago to Los Angeles. Then there are 3 * 5 = 15 major routes from 
Washington DC to Los Angeles.  

4. Suppose that four upper case letters are used for labels. Then 26 * 26 * 26 * 26 = 
456,976 different labels are possible. Suppose that no letters can be duplicated in a 
label. Then the first letter of a label can be selected from all twenty six letters. The 
second letter, however, must be selected from twenty five letters because one letter has 
been selected for the first position and that letter cannot be used for the second 
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position. Similarly the third letter is now selected from the remaining twenty four 
letters and the fourth from twenty three letters. Thus altogether 26 * 25* 24* 23 = 
358,800 possible labels exist.  
 

5. The number of subsets of a finite set can be computed using the Multiplication 
Principle.  
Let n be the size of a set A. A subset of A can be constructed by selecting elements of 
A. That is, for a subset, say B, of A, each element of A is either selected or not 
selected into B. In this case selecting or not selecting an element is an event. Thus 
there are n events and each event has two possible outcomes. Applying the 
Multiplication Principle one can see that there are 2n subsets of A.  
 

Second Counting Principle (Sum or Addition Rule) 

Suppose two tasks T1 and T2 are to be performed. If the task T1 can be performed in m 
different ways and the task T2 can be performed in n different ways and if these two tasks can 
not be performed simultaneously. Then one of the two tasks (T1 or T2) can be performed in 
m+n different ways. 

More generally, if T1, T2,.... Tk are k tasks such that no two tasks can be performed at the 
same time and if Ti can be performed in ni different ways. Then one of the k tasks (namely T1 
or T2 or... or Tk) can be performed in n1+n2+....+nk ways. 

This is the Addition Principle of Counting. Choosing one from given models of either make is 
called an event and the choices for either event are called the outcomes of the event. Thus the 
event "selecting one from make A1", for example, has 12 outcomes. In general it is stated as 
follows:  

Let A1 and A2 be disjoint events, that is events having no common outcomes, with n1 and n2 
possible outcomes, respectively. Then the total number of outcomes for the event "A1 or A2" 
is n1 + n2.  

Note that the events must be disjoint, that is they must not have common outcomes for this 
principle to be applicable.  

This addition principle can be generalized for more than two events.  

General Addition Principle:  

Let A1, A2, ... Ak be disjoint events with n1, n2, ... nk possible outcomes, respectively. Then the 
total number of outcomes for the event "A1 or A2 or ... or Ak" is n1 + n2 + ... + nk.  
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Example:  

 Suppose there are 16 boys and 18 girls in a class and we wish to select one the 
students (either a boy or a girl) as the class representative. The number of ways of 
selecting a boy is 16 and the number of ways of selecting a girl is 18. Therefore the 
number of ways of selecting a student (boy or girl) is 16+18=34. 

 Suppose a library has 12 books on Mathematics, 10 books on Physics, 16 books on 
Computer Science and 11 books on Electronics. Suppose a student is to choose one of 
these books for study. The number ways he can choose a book is = 12+10+16+11=49.   

 A variable name in the programming language BASIC can either be a letter or a letter 
followed by a decimal digit i.e. one of the numbers 0, 1, ….,9. By the product rule, 
there are 26×10=260 names of the later kind. By the sum rule, there are 26+260=286 
variable names in all. 

 Suppose that we want to buy a computer from one of two makes A1 and A2 Suppose 
also that those makes have 12 and 18 different models, respectively. Then how many 
models are there altogether to choose from?  
Since we can choose one of 12 models of make A1 or one of 18 of A2, there are 
altogether 12 + 18 = 30 models to choose from.  

 Suppose there are 5 chicken dishes and 8 beef dishes. How many selections does a 
customer have?  
In this case, an event is "selecting a dish of either kind". There are 5 oucomes for the 
chicken event and 8 outcomes for the beef event. According to the addition principle 
there are 5 + 8 = 13 possible selections.  

PERMUTATIONS 

Definition: A permutation of an n-set is an arrangement of the elements of the set in order. 
The number of permutations of an n-set is denoted by n and is equal to n×(n-1) ×………2×1. 

Example: Suppose 3-people A, B, and C scheduled for job interviews. In how many different 
orders can they be interviewed? 

A B C 
A C B 
B C A 
B A C 
C A B 
C B A 
Ans: 6- possible orders 

There are 3-choices for the 1st person being interviewed. For each of these choices, there are 2 
remaining choices for the 2nd person. For each of these choices, there are is 1 remaining 
choice for the third person. Hence by the product rule, the number of possible orders is= 
3×2×1=6.  

Each order is a permutation. Therefore the number of permutations of a 3-set = 3×2×1=6. 

Similarly, the number of permutations of a 4-set =4×3×2×1=24 
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Similarly, the number of permutations of a 5-set =5×4×3×2×1=120 

……    ………   ………     ………   ……………    ………… 

……    ………   ………     ………   ……………    ………… 

……    ………   ………     ………   ……………    ………… 

In general, the number of permutations of an n-set =n(n-1)(n-2)……..×2×1=n. 

0=1, 1=1, 2=2, 3=6, 4=24, 5=120, 6=720 etc. 

Q 1.  List all permutations of {a, b, c}, 

Answer: abc, acb, bca, bac, cab, cba 

Q 2. How many permutations of {1, 2, 3, 4, 5} begin with 5? 

Answer: 4=24. 

r-Permutations: 

Definition: Given an n-set, suppose that we want to pick r elements and arrange them in 
order. Such an arrangement is called an r-permutation of the n-set. 

P(n, r)= the number of r-permutations of an n-set. It is also denoted by nPr 

Example: 1) The number of 3-letter words without repeated letters can be calculated by 
observing that we want to choose 3 different letters out of 26 letters and arrange them in 
order, hence we want P(26, 3). 

Alternatively, for 3-letter words there are 26 choices for the 1st letter, for each of these there 
are 25 remaining choices for 2nd letter, and for each of these there are 24 remaining choices 
for the 3rd letter. Hence by product rule, the number of 3-letter words without repeated letters 
is   

P(26, 3)= 26×25×24=15600. 

2) If a student has 4 experiments to perform and 10 periods in which to perform them (each 
experiment is taking one period), the number of different schedule he can make for himself is 
P(10, 4). 

Alternatively, he has 10 choices for 1st experiment, 9 for 2nd, 8 for 3rd, 7 for 4th. 

Therefore by product rule, the number of ways the student can make his schedule is 

P(10, 4)= 10×9×8×7=5040. 

Note: Generalizing the results from the above examples, we have  

P(n, r)= n×(n-1)×(n-2)×……. ×(n-r+1) 

      =[ n×(n-1)×(n-2)×……. ×(n-r+1)][(n-r)×(n-r-1)×……. ×1] [(n-r)×(n-r-1)×……. ×1] 

      =[ n×(n-1)×(n-2)×…….  2×1] [(n-r)×(n-r-1)×……. ×1] 

      =n/(n-r) 
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P(n, 0)=0 

P(n, 1)=n 

P(n, 2)=n(n-1) 

P(n, 3)=n(n-1)(n-2) 

P(n, 4)=n(n-1)(n-2)(n-3) 

………………………. 

………………………… 

P(n, n)=n(n-1)(n-2)………..2.1.= n 

Q. Find a) P(3, 2) Answer P(3,2)=3×2=6 

 b) P(5, 3) Answer P(5, 3)=5×4×3=60 

 c) P(8, 5)=? 

Note: We have P(n, r)= n/(n-r) 

1. P(n, r)=0 if n<r. 

2. If r=n, then it means all the thing taken together. So P(n, n)=n  

3. The number of circular arrangements of n-set is (n-1). 

4. The number of circular arrangements of n-set with different neighbours is (n-r)/2 

5. The number of permutations of n dissimilar things taking all at a time is 
P(n, n)=npn = n×(n-1)×(n-2)×…….  ×[n-(n-1)] 

    = n×(n-1)×(n-2)×…….  2×1 

    = n. 

6. If out of n things, p are exactly alike of one kind q are exactly alike of second kind 
and r are exactly alike of third kind and the rest of all different then the number of 
permutations of things taken all at a time is  n/p qr. 

7. Permutations under certain conditions. 
a) Number of all permutations of n different objects taken r at a time when a 

particular object is to be always included in each arrangement is r×n-1Pr-1 
b) Number of all permutations of n different objects taken r at a time when a 

particular object never taken in each arrangement is n-1Pr.    
8. The number of permutations of n different objects taken r at a time in which two 

specified objects always occur together is 2×(r-1) n-2Pr-2. 
9. Number of circular permutations of n different things r at a time: 

a) If there is a difference between clockwise and clockwise sequence of objects. Then 
number of circular permutation of n different things taken r at a time is = nPr/r. 
   If n=r, then nPn/n=(n-1) 
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b) When there is no difference between clockwise and anticlockwise sequence of 
things, Then the number of circular permutations of n different things taken r at a 
time is =nPr/(2r).          
   If n=r, then nPr/(2r)=(n-1)/2.       

Ex 1. How many different strings (sequences) of length 4 can be formed using the letters of the 
word FLOWER. 

Solution: The given word has 6 letters all of which are distinct. Therefore the required number 
of strings is 

 P(6, 4)=6/(6-4) =6/2 = 360. 

Ex 2. In how many ways can three persons be seated in a round table? 

Solution: Three person can sit in a round table in (3-1) = 2=2 ways. 

Ex 3. In how many ways can 9 persons sit at a round table so that all shall not have same 
neighbor in any two arrangements? 

Solution: Here 9 persons can be seated at a round table in (9-1)=8 ways. But in clockwise 
and anticlockwise arrangements each person will have same neighbors. Therefore the required 
number of seating arrangements is = 8/2 =20160. 

Q1. Find the no. of permutations of letters of the word SUCCESS. 

Solution: The given word has 7 letters of which 3 are S, 2 are C and 1 each are U and E. The 
required number of permutation is  

  = 7/(3211) 

  = 420. 

Q2. Find the no. of permutations of letters of the word DIFFICULT  Ans: 90720. 

Q3. Find the no. of permutations of letters of the word MASSASAUGA. In how many of 
these, all four A’s are together? 

Solution: The given word has 10 letters of which 4 are A, 3 are S and 1 each are M, U and G. 
Therefore the required number of permutation is  

  = 10/(43111) 

  =25,200. 

If in a permutations, all A’s are together, we treat all of A’s as one single letter. Therefore the 
letters to be permutated read as (AAAA), S, S, S, M, U, G and the number of permutations is 

   = 7/(13111)    = 840. 

Q4. Find the no. of permutations of letters of the word APPLE  Ans: 60. 

Q5. Find the no. of permutations of letters of the word SUPERINTENDENT 

Q6. Find the no. of permutations of letters of the word ASSASSINATION. 
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COMBINATIONS 

Definition: An r-combination of an n-set is a selection of r elements from the set in any order. 

C(n, r)=nCr= the number of r-combination of an n-set. 

 

Example:  

The number of ways to chose a committee of 3 from a set of 4 people is given by C(4, 3). If 4 
people are Ali, Kasim, Hamid and Abid, then the possible committees will be 

{Ali, Kasim, Hamid}, {Ali, Kasim, Abid}, {Ali, Hamid, Abid}, and {Kasim, Hamid, Abid}. 

Note: C(n, r)=n(n-1)……(n-r+1)/(1.2. …..r) 

C(4, 3)=4.3.2/(1.2.3) 

 =4 

Theorem: P(n, r)=C(n, r)×P(r, r) 

Proof: An ordered arrangement of r objects out of n objects can be obtained by first choosing r 
objects. This can be done in C(n, r) ways. And then ordering them which can be done in P(r, 
r)=r ways. 

By using the product rule we have, P(n, r)=C(n, r)×P(r, r) 

Corollary 1: C(n, r)= n/(rn-r) 

Proof: We have, C(n, r)=P(n, r)/P(r, r) 

         =n/n-r/r 

         =n/n-r ×1/r 

         =n/(rn-r) 

Corollary 2: C(n, r)= C(n, n-r) 

Proof: We have, C(n, r)= n/(rn-r) 

        =n/((n-r)r) 

        =n/((n-r)(n-(n-r))) 

        =C(n, n-r). 

Ex. In how many ways are there to choose 3 books from a group of 5 books? 

Ans. The number of ways we can choose 3 books fro 5 is =C(5, 3) = 10 

Ex. How many ways can 7 award winner be chosen from a group of 50 nominees? 

Ans: C(50, 7) 
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Ex. Compute a) C(6, 3), b) C(7, 4), c) C(5, 1), d) C(2, 4). 

Ans: a) C(6, 3)=6.5.4/1.2.3 = 20 

b)C(7, 4)=7.6.5.4/1.2.3.4 = 35 

c) C(5,1)=5 

d) C(2, 4)=0 

Note: C(n, r) =      n 

                   r      = 0  if n<r 

Note: C(n, 0)= 1= C(n, n) 

      C(n, 1)=n= C(n, n-1) 

      C(n, 2)=n(n-1)/2= C(n, n-2) 
 

Theorem: C(n, r)= C(n-1, r-1) + C(n-1, r) 

Proof: R.H. S. = C(n-1, r-1) + C(n-1, r) 

       =(n-1)/((r-1)(n-1-(r-1))) + (n-1)/(r(n-1-r))  

       =r(n-1)/(r(r-1)(n-r))) +(n-r)(n-1)/(r(n-r-1)(n-r)) 

       = r(n-1)/(r(n-r))+(n-r)(n-1)/(r(n-r)) 

       =(n-1)/(r(n-r))[r+(n-r)] 

       =(n-1)/(r(n-r))[n] 

         =n/(r(n-r)) 

       = C(n, r) 

       =L.H.S. 

The binomial distribution 

The probability of obtaining n1 occurrences of the outcome  in  observations is given 
by  

 

and 

A further straightforward generalization tells us that the number of arrangements of two 

groups of  and  indistinguishable objects is  
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the probability of obtaining n1 occurrences of the outcome 1 in  statistically independent 
observations of a two-state system is  

 

(1) 

This probability function is called the binomial distribution function. The reason for this is 
obvious if we tabulate the probabilities for the first few possible values of  

The binomial probability distribution 

        
 

    

    0 1 2 3 4 

  1 
  

      

 

2 
 

 

 

    

  3 
    

  

  4 
     

 

 

Of course, we immediately recognize these expressions: they appear in the standard algebraic 
expansions of (p+q), (p+q)2, (p+q)3, and (p+q)4 respectively. In algebra, the expansion 
of(p+q)Nis called the binomial expansion (hence, the name given to the probability 
distribution function), and can be written  

 

(2) 

Equations (1) and (2) can be used to establish the normalization condition for the binomial 
distribution function:  

 since p+q=1  

 

 



18 
 

Binomial Expansion: For n≥0,  

(a + b)n =∑n
k=0C(n, k)akbn-k   

     =∑n
k=0

nCkakbn-k 

Proof: Note that (a + b)n=(a + b) . (a + b) . ….. n times 

In particular, we have  

       (a + b) = (a + b) 

 (a + b)2 = a2 + 2 ab + b2  

 (a + b)3 = a3 + 3 a b2 + 3 a2 b + b3  

  = 3C0a3 + 3C1 a b2 + 3C2 a2 b + 3C3b3  

(a + b)4 = a4 + 4 a b3 + 6 a2 b2 + 4 a3 b + b4 

  = 4C0a4 + 4C1 a b3 + 4C2 a2 b2 + 4C3 a3 b + 4C4 b4  

(a + b)n  = nC0an + nC1 a bn-1 + nC2 a2 bn-2 +…….+ nCk a 
k bn-k + ……+nCn bn  

  = ∑n
k=0C(n, k)akbn-k       =∑n

k=0
nCkakbn-k  

Theorem: For n≥0,  
nC0 + nC1 + nC2 + ……+ nCn = 2n 

Proof: We have, 

(a + b)n  = nC0an + nC1 a bn-1 + nC2 a2 bn-2 +…….+ nCk a 
k bn-k + ……+nCn bn  

  = ∑n
k=0C(n, k)akbn-k        =∑n

k=0
nCkakbn-k  

Putting a = 1 and b = 1, in the above Binomial expansion we get 

(1 + 1)n  = nC01n + nC1 1. 1n-1 + nC2 12 .1n-2 +…….+ nCk 1. k 1n-k + ……+nCn 1n 

 2n= nC0 + nC1  + nC2 +…….+ nCk  + ……+nCn  
Theorem: For n≥0,  
nC0 - nC1  + nC2 -…….+(-1)k-1 nCk  + ……+(-1)n-1 nCn = 0  

Proof: We have, 

(a + b)n  = nC0an + nC1 a bn-1 + nC2 a2 bn-2 +…….+ nCk a 
k bn-k + ……+nCn bn  

  = ∑n
k=0C(n, k)akbn-k   

     =∑n
k=0

nCkakbn-k  

Putting a = -1 and b = 1, in the above Binomial expansion we get 

(-1 + 1)n  = nC01n + nC1 1. 1n-1 + nC2 12 .1n-2 +…….+ nCk 1. k 1n-k + ……+nCn 1n 

 nC0 - nC1  + nC2 -…….+(-1)k-1 nCk  + ……+(-1)n-1 nCn = 0. 
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Corollary: For n n≥0,  
nC0 + nC2 + nC4 + …… = nC1 + nC3 + … 

Problems 

Find the coefficient of x9y3 in the equation of (2x-3y)12 

Solution: We have, by binomial theorem 

     (a + b)n  = ∑n
k=0

nCkakbn-k  

     (2x-3y)12= ∑12
r=0   12Cr (2x)r(-3y)12-r  

                    = ∑12
r=0   12Cr 2r(-3y)12-rxr y12-r 

In this expansion, the coefficient of x9y3 (which corresponds to r=9) is 
12C929(-3)3 = -29 x 33 x !

! !
 = -29 x 33 x      = -29 x 33x11 x 10 =1946 
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EXAMPLES 

1. How many permutations of 3 different digits are there, chosen from the ten digits 0 to 9 

inclusive? 

       The number of permutations of 3 digits chosen from 10 is 10P3 = 10 × 9 × 8 = 720 

2. How many permutations of 4 different letters are there, chosen from the twenty six letters 

of the alphabet (repetition is not allowed)? Or A password consists of four different 

letters of the alphabet. How many different possible passwords are there? 

The number of permutations of 4 digits chosen from 26 is  

               26P4 = 26 × 25 × 24 × 23 = 358,800 

3. A password consists of two letters of the alphabet followed by three digits chosen from 0 

to 9. Repeats are allowed. How many different possible passwords are there? 

The number of ways of choosing the letters = 26 × 26 = 676 

The number of ways of choosing the digits = 10 × 10 × 10 = 1,000 

So the number of possible passwords = 676 × 1,000 = 676,000 

4. An encyclopedia has eight volumes. In how many ways can the eight volumes be replaced 

on the shelf? 

Imagine there are 8 spots on the shelf. Replace the volumes one by one. 

The first volume to be replaced could go in any one of the eight spots. 

The second volume to be replaced could then go in any one of the seven remaining 

spots. 

The third volume to be replaced could then go in any one of the six remaining 

spots.etc 

So the total number of ways the eight volumes could be replaced  

= 8!   = 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1  = 40,320 

5. Assuming that any arrangement of letters forms a 'word', how many 'words' of any length 

can be formed from the letters of the word SQUARE? 

The number of one letter 'words' = 6P1 = 6 

The number of two letter 'words' = 6P2 = 6 × 5 = 30 

The number of three letter 'words' = 6P3 = 6 × 5 × 4 = 120 

The number of four letter 'words' = 6P4 = 6 × 5 × 4 × 3 = 360 

The number of five letter 'words' = 6P5 = 6 × 5 × 4 × 3 × 2 = 720 

The number of six letter 'words' = 6P6 = 6! = 720 

So the total number of possible 'words' = 6 + 30 + 120 + 360 + 720 + 720 = 1,956 
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6. A restaurant offers 5 choices of appetizer, 10 choices of main meal and 4 choices of 

dessert. A customer can choose to eat just one course, or two different courses, or all three 

courses. Assuming all choices are available, how many different possible meals does the 

restaurant offer? 

A person who eats only an appetizer has 5 choices. 

A person who eats only a main meal has 10 choices. 

A person who eats only a dessert has 4 choices. 

A person who eats an appetizer and a main meal has 5 × 10 = 50 choices. 

A person who eats an appetizer and a dessert has 5 × 4 = 20 choices. 

A person who eats a main meal and a dessert has 10 × 4 = 40 choices. 

A person who eats all three courses has 5 × 10 × 4 = 200 choices 

So the total number of possible meals = 5 + 10 + 4 + 50 + 20 + 40 + 200 = 329 

 

7.16 teams enter a competition. They are divided up into four Pools (A, B, C and D)  of 

four teams each. Every team plays one match against the other teams in its Pool. After 

the Pool matches are completed: 

• the winner of Pool A plays the second placed team of Pool B  

• the winner of Pool B plays the second placed team of Pool A  

• the winner of Pool C plays the second placed team of Pool D 

• the winner of Pool D plays the second placed team of Pool C  

The winners of these four matches then play semi-finals, and the winners of the semi-

finals play in the final. How many matches are played altogether? 

The number of matches played in each Pool = 4C2 = 4!/(2!2!) = (4 × 3)/(2 × 1) 

= 6 

So the total number of Pool matches = 4 × 6 = 24 

The winners and second placed teams play a further 4 matches. 

Then there are 2 semi-finals and 1 final 

So the total number of matches = 24 + 4 + 2 + 1 = 31 
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8. In how many ways can a committee of 5 be chosen from 10 people? 

In choosing a committee, order doesn't matter; so we need the number of combinations 

of 5 people chosen from 10 
10C5  

= 10!/(5!)(5!) 

= (10 × 9 × 8 × 7 × 6)/(5 × 4 × 3 × 2 × 1) 

= 30,240/120 

= 252 

9. Jones is the Chairman of a committee. In how many ways can a committee of 5 be chosen 

from 10 people given that Jones must be one of them? 

Jones is already chosen, so we need to choose another 4 from 9. 

In choosing a committee, order doesn't matter; so we need the number of combinations 

of 4 people chosen from 9 

= 9C4  = 9!/(4!)(5!) 

= (9 × 8 × 7 × 6)/(4 × 3 × 2 × 1) = 3,024/24 

= 126 

Circular Permutation 

'n' objects can be arranged around a circle in (n - 1)!. 

If arranging these 'n' objects clockwise or counter clockwise means one and the same, then the 

number arrangements will be half that number. 

i.e., number of arrangements = .  

You can choose the 7 people to sit in the first table in 15C7 ways.  

After selecting 7 people for the table that can seat 7 people, they can be seated in (7-1)! = 6!. 

The remaining 8 people can be made to sit around the second circular table in (8-1)! = 7! 

Ways. 

Hence, total number of ways 15C8 * 6! * 7!  
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10. From a group of 7 men and 6 women, five persons are to be selected to form a committee 

so that at least 3 men are there on the committee. In how many ways can it be done? 

Answer: Explanation: 

We may have (3 men and 2 women) or (4 men and 1 woman) or (5 men only). 

Required number of ways = (7C3 x 6C2) + (7C4 x 6C1) + (7C5) 

 
=

7 x 6 x 5
x

6 x 5

 

+ (7C3 x 6C1) + (7C2)
3 x 2 x 1 2 x 1

 

 
= 525 +

 

7 x 6 x 5
x 6 + 

7 x 6

3 x 2 x 1 2 x 1
 

 
= (525 + 210 + 21) 

 
= 756. 

11. In how many different ways can the letters of the word 'LEADING' be arranged in such a 

way that the vowels always come together? 

Answer: Explanation: 

The word 'LEADING' has 7 different letters. 

When the vowels EAI are always together, they can be supposed to form one letter. 

Then, we have to arrange the letters LNDG (EAI). 

Now, 5 (4 + 1 = 5) letters can be arranged in 5! = 120 ways. 

The vowels (EAI) can be arranged among themselves in 3! = 6 ways. 

Required number of ways = (120 x 6) = 720. 

12. In how many different ways can the letters of the word 'CORPORATION' be arranged so 

that the vowels always come together? 

Answer Explanation: 

In the word 'CORPORATION', we treat the vowels OOAIO as one letter. 

Thus, we have CRPRTN (OOAIO). 

This has 7 (6 + 1) letters of which R occurs 2 times and the rest are different. 

Number of ways arranging these letters =
7!

= 2520.
2!

Now, 5 vowels in which O occurs 3 times and the rest are different, can be arranged 

in
5!

= 20 ways.
3!

Required number of ways = (2520 x 20) = 50400. 
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13. Out of 7 consonants and 4 vowels, how many words of 3 consonants and 2 vowels can be 

formed? 

Answer: Explanation: 

Number of ways of selecting (3 consonants out of 7) and (2 vowels out of 4) 

      = (7C3 x 4C2) 

 
=

 

7 x 6 x 5
x

4 x 3

3 x 2 x 1 2 x 1
 

 
= 210. 

Number of groups, each having 3 consonants and 2 vowels = 210. 

Each group contains 5 letters. 

Number of ways of arranging 

5 letters among themselves 
= 5! 

 
= 5 x 4 x 3 x 2 x 1

 
= 120. 

Required number of ways = (210 x 120) = 25200. 

14. In how many ways can the letters of the word 'LEADER' be arranged? 

Answer: Explanation: 

The word 'LEADER' contains 6 letters, namely 1L, 2E, 1A, 1D and 1R. 

Required number of ways =
6! 

= 360.
(1!)(2!)(1!)(1!)(1!)

15. In a group of 6 boys and 4 girls, four children are to be selected. In how many different 

ways can they be selected such that at least one boy should be there? 

Explanation: 

We may have (1 boy and 3 girls) or (2 boys and 2 girls) or (3 boys and 1 girl) or (4 

boys). 

Required number 

of ways 
= (6C1 x 4C3) + (6C2 x 4C2) + (6C3 x 4C1) + (6C4) 

 
= (6C1 x 4C1) + (6C2 x 4C2) + (6C3 x 4C1) + (6C2) 

 
= (6 x 4) +

6 x 5
x

4 x 3

 

+
6 x 5 x 4

x 4 + 
 

6 x 5

2 x 1 2 x 1 3 x 2 x 1 2 x 1
 

 
= (24 + 90 + 80 + 15) 

 
= 209. 
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16. How many 3-digit numbers can be formed from the digits 2, 3, 5, 6, 7 and 9, which are 

divisible by 5 and none of the digits is repeated? 

Explanation: 

Required number of ways= (8C5 x 10C6) 

 
= (8C3 x 10C4) 

 = 
8 x 7 x 6

x
10 x 9 x 8 x 7

 

3 x 2 x 1 4 x 3 x 2 x 1 
 

 
= 11760. 

17. A box contains 2 white balls, 3 black balls and 4 red balls. In how many ways can 3 balls 

be drawn from the box, if at least one black ball is to be included in the draw? 

Explanation: 

We may have(1 black and 2 non-black) or (2 black and 1 non-black) or (3 black). 

Required number of ways = (3C1 x 6C2) + (3C2 x 6C1) + (3C3)

 
= 3 x 

6 x 5
+ 

3 x 2
x 6 + 1

2 x 1 2 x 1
 

 
= (45 + 18 + 1) 

 
= 64. 

18. In how many different ways can the letters of the word 'DETAIL' be arranged in such a 

way that the vowels occupy only the odd positions? 

Explanation: 

There are 6 letters in the given word, out of which there are 3 vowels and 3 

consonants. 

Let us mark these positions as under: 

(1) (2) (3) (4) (5) (6) 

Now, 3 vowels can be placed at any of the three places out 4, marked 1, 3, 5. 

Number of ways of arranging the vowels = 3P3 = 3! = 6. 

Also, the 3 consonants can be arranged at the remaining 3 positions. 

Number of ways of these arrangements = 3P3 = 3! = 6. 

Total number of ways = (6 x 6) = 36. 
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19. In how many ways can a group of 5 men and 2 women be made out of a total of 7 men 

and 3 women? 

Required number of ways = (7C5 x3C2) = (7C2 x 3C1) =
   
= 63.

20. How many 4-letter words with or without meaning, can be formed out of the letters of the 

word, 'LOGARITHMS', if repetition of letters is not allowed? 

'LOGARITHMS' contains 10 different letters. 

Required number of words = Number of arrangements of 10 letters, taking 4 at a time.

 
= 10P4 

 
= (10 x 9 x 8 x 7) 

 
= 5040. 

21. In how many different ways can the letters of the word 'MATHEMATICS' be arranged so 

that the vowels always come together? 

Explanation: 

In the word 'MATHEMATICS', we treat the vowels AEAI as one letter. 

Thus, we have MTHMTCS (AEAI). 

Now, we have to arrange 8 letters, out of which M occurs twice, T occurs twice and 

the rest are different. 

Number of ways of arranging these letters = 
8! 

= 10080.
(2!)(2!)

Now, AEAI has 4 letters in which A occurs 2 times and the rest are different. 

Number of ways of arranging these letters =
4!

= 12.
2!

Required number of words = (10080 x 12) = 120960. 

22. In how many different ways can the letters of the word 'OPTICAL' be arranged so that the 

vowels always come together? 

Explanation: 

The word 'OPTICAL' contains 7 different letters. 

When the vowels OIA are always together, they can be supposed to form one letter. 

Then, we have to arrange the letters PTCL (OIA). 

Now, 5 letters can be arranged in 5! = 120 ways. 

The vowels (OIA) can be arranged among themselves in 3! = 6 ways. 

Required number of ways = (120 x 6) = 720. 
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Chapter 3 

PROBABILITY 

Definition: Probability is a measure or estimation of how likely it is that something will 
happen or that a statement is true. Probabilities are given a value between 0 (0% chance 
or will not happen) and 1 (100% chance or will happen). The higher the degree of probability, 
the more likely the event is to happen, or, in a longer series of samples, the greater the number 
of times such event is expected to happen.  

The probability of happening of an event E for a sample space S is given by 

 P(E)=n(E)/n(S). 

Where n(E) = the number of outcomes in E. 

            n(S) = the number of outcomes in S. 

Example1: Consider the tossing of a coin. The sample space consist head (H) and tail (T). The 
probability of getting a head in a single toss of a coin is given by 

 P(H)=n(H)/n(S) 

     =1/2 

 Similarly the probability of getting a tail in a single toss of a coin is given by 

 P(H) = n(T)/n(S) 

           = 1/2  

Example 2: Consider the tossing a die. To find the probability that outcome is 1. 

Here S = {1, 2, 3, 4, 5, 6} 

      E = {1} 

Therefore, the probability that the outcome is 1 is given by 

 P(E) = 1/6 

Similarly the probability that the outcome is 2 is given by 

 P(E) = 1/6   and so on. 

To find the probability that the outcome will be even number is given below. 

Here E = {2, 4, 6}. 

P(E) = n(T)/n(S). 

     = 3/6 

     = 1/2.             Die 
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Q1. Calculate the probability that when a die is tossed, the outcome will be an odd number. 

Solution:  The sample space consists of 1, 2, 3, 4, 5, 6 i.e.  

S={1, 2, 3, 4, 5, 6} 

And event space consists of 1, 3, 5. 

E={1, 3, 5} 

Therefore, n(S) = 6 

And n(E) = 3 

Probability of getting a odd number in a single toss of a die is  

P(E) = n(E)/n(S) 

 = 3/6 = 1/2 

Q2. Calculate the probability that when a die is tossed, the outcome will be a number less than 
or equal to 2. 

Solution:  Here S={1, 2, 3, 4, 5, 6} 

And E={1, 2} 

Here n(E) = 2 and n(S) = 6. 

Probability that the outcome is less than 2 in a single toss of a die is 

P(E) = 2/6 = 1/3.  

Q3. Calculate the probability that when a die is tossed, the outcome will be a number divisible by 3. 

Solution: Here S={1, 2, 3, 4, 5, 6} 

And E={3, 6} 

Here n(E) = 2 and n(S) = 6. 

Probability that the outcome is a number divisible by 3 in a single toss of a die is 

P(E) = 2/6 = 1/3. 

 

Q4. If a card is drawn at random from a deck of 52, what is the probability that it is an ace? 

Solution: One card can be drawn from a deck of 52 cards in 52C1 ways which is the total 
number of possible outcomes.   

Hence n(S) = 52C1 

As there are 4 aces, an ace can be drawn in 4C1 ways which is number outcomes favorable to 
the given events. 

Therefore, n(E) = 4C1 
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The probability that the card drawn is an ace = P(E) = 4C1/52C1 = 4/52 = 1/13. 

Q5.   If A card is drawn from a deck of standard cards and then replaced in the deck.  A second card 
is then drawn and replaced.  What is the probability that a queen is drawn each time? 

Ans. The required probability is =4C1/52C1  .4C1/52C1 = 1/169. 

Q6. Suppose a coin is tossed 5 times. What is the probability that there will be at least 2 
heads? 

Solution: The sample space will consist of all possible sequence of heads and tails of length 5 
i.e. S={HHHHH, HHHHT, HHHTH, HHTHH, …….,TTTTT}. 

Therefore n(S) = 25=32. 

The event space E can be computed as follows: The number of sequences having exactly 2 
heads is C(5, 2). The number of sequences having exactly 3 heads is C(5, 3). The number of 
sequences having exactly 4 heads is C(5, 4). The number of sequences having exactly 5 heads 
is C(5, 5).  

n(E) = The number of sequences having at least 2 heads  

        = The number of sequences having exactly 2 heads 

            + The number of sequences having exactly 3 heads  

            + The number of sequences having exactly 4 heads  

            + The number of sequences having exactly 5 heads. 

        = C(5, 2) + C(5, 3) + C(5, 4) + C(5, 5) 

        = 26 

Hence the probability of having at least 2 heads = 26/32 = 13/16. 

Note: If A and B are two event spaces of a sample space S, then 

1) P(A) = 1 – P(A), where A is the complement of A. 

2) If AB = , then P(AB) = P(A) + P(B) 

3) If AB ≠ , then P(AB) = P(A) + P(B) – P(AB). 

4) P() = 0 
5) P(S) = 1. 
Q7. Calculate the probability of getting a) two heads or three heads and b) two heads or 
two tails in six tosses of a coin. 
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PRINCIPLE OF INCLUSION AND EXCLUSION 

Theorem: (Number of elements in a union of two sets): If A and B are any two subsets of a 
finite set S, then 

N(AB) = N(A) + N(B) – N(AB)……………………………(1) 

Note: If A and B are mutually disjoints then AB=. Therefore N(AB) = 0. Thus the above 
results can be written as  

N(AB) = N(A) + N(B). 

Corollary: If A and B are any two subsets of a finite set S with N(S) = N, then 

N(A/B/) = N - N(A) - N(B) + N(AB). 

Proof: By De-Morgan’s law, we have 

A/B/ = (AB)/ 

    = S – (AB) 

Therefore, N(A/B/) = N(S – (AB)) 

       = N(S) – N(S(AB))     Since N(B – A) = N(B) – N(AB) 

       = N(S) – N(AB) 

       = N – N(A) – N(B) + N(AB) [ Using (1)] 

Ex.  Calculate the number of positive integers less than or equal to 100 that are divisible by 3 or by 5. 

Proof: Let A and B be the sets of positive numbers less than or equal to 100 that are divisible 
by 3 and by 5 respectively. Then  

N(AB) = The number of positive integers less than or equal to 100 that are divisible by 3 or by 5. 

N(AB) = The number of positive integers less than or equal to 100 that are divisible by 3 and by 5. 

 = The number of positive integers less than or equal to 100 that are divisible by 15 (= 3.5). 

We have, 

 N(AB) = N(A) + N(B) – N(AB). 

Denoting by [x] the integer part of x, we have 

N(A) = [100/3] = 33 

N(B) = [100/5] = 20 

N(AB) = [100/15] = 6 

Putting these values in the above formula, we get 

N(AB) = 33 + 20 – 6 

 = 47. 
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Inclusion and Exclusion Principle:  

If A1, A2, ……, An are finite sets. Then  

 N(A1A2……An) = N(A1) + N(A2) + …..+ N(An) 

- N(A1A2) – N(A2A3) - …..- N(An-1An) 

+ N(A1A2A3) + ……….+ N(An-2An-1An) 

+ ……………………………………………. 

+ ( - 1)n-1 . N(A1A2A3………………An) 

  

Corollary: If A1, A2, ……, An are subsets of a finite sets S. Then  

  N(A1
/A2

/……An
/) = N(S) - N(A1A2……An) 

Examples 
 

S is the sample space of the experiment in question and E is the event of interest. n(S) is the 
number of elements in the sample space S and n(E) is the number of elements in the event E.  
 

Question 1: A die is rolled, find the probability that an even number is obtained.  
Solution  

 Let us first write the sample space S of the experiment.  
S = {1,2,3,4,5,6}  

 Let E be the event "an even number is obtained" and write it down.  
E = {2,4,6}  

 We now use the formula of the classical probability.  
P(E) = n(E) / n(S) = 3 / 6 = 1 / 2  

 
 

Question 2: Two coins are tossed, find the probability that two heads are obtained.  
Note: Each coin has two possible outcomes H (heads) and T (Tails).  
Solution  

 The sample space S is given by.  
S = {(H,T),(H,H),(T,H),(T,T)}  

 Let E be the event "two heads are obtained".  
E = {(H,H)}  

 We use the formula of the classical probability.  
P(E) = n(E) / n(S) = 1 / 4  

 
 
Question 3: Which of these numbers cannot be a probability?  
a) -0.00001  b) 0.5  c) 1.001  d) 0  e) 1  f) 20%  
Solution  

 A probability is always greater than or equal to 0 and less than or equal to 1, hence 
only a) and c) above cannot represent probabilities: -0.00010 is less than 0 and 1.001 
is greater than 1.  
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Question 4: Two dice are rolled, find the probability that the sum is  
a) equal to 1  
b) equal to 4  
c) less than 13  
Solution  

 a) The sample space S of two dice is shown below.  
S = { (1,1),(1,2),(1,3),(1,4),(1,5),(1,6)  
         (2,1),(2,2),(2,3),(2,4),(2,5),(2,6)  
         (3,1),(3,2),(3,3),(3,4),(3,5),(3,6)  
         (4,1),(4,2),(4,3),(4,4),(4,5),(4,6)  
         (5,1),(5,2),(5,3),(5,4),(5,5),(5,6)  
         (6,1),(6,2),(6,3),(6,4),(6,5),(6,6) }  

 Let E be the event "sum equal to 1". There are no outcomes which correspond to a 
sum equal to 1, hence  
P(E) = n(E) / n(S) = 0 / 36 = 0  

 b) Three possible ouctcomes give a sum equal to 4: E = {(1,3),(2,2),(3,1)}, hence.  
P(E) = n(E) / n(S) = 3 / 36 = 1 / 12  

 c) All possible ouctcomes, E = S, give a sum less than 13, hence.  
P(E) = n(E) / n(S) = 36 / 36 = 1  

 
Question 5: A die is rolled and a coin is tossed, find the probability that the die shows an odd 
number and the coin shows a head.  
Solution  

 The sample space S of the experiment described in question 5 is as follows  
S = { (1,H),(2,H),(3,H),(4,H),(5,H),(6,H)  
           (1,T),(2,T),(3,T),(4,T),(5,T),(6,T)}  
 

 Let E be the event "the die shows an odd number and the coin shows a head". Event E 
may be described as follows  
E={(1,H),(3,H),(5,H)}  
 

 The probability P(E) is given by  
 

P(E) = n(E) / n(S) = 3 / 12 = 1 / 4  
 

Question 6: A card is drawn at random from a deck of cards. Find the probability of getting 
the 3 of diamond.  
Solution  

 The sample space S of the experiment in question 6 is shown below  

 
 Let E be the event "getting the 3 of diamond". An examination of the sample space 

shows that there is one "3 of diamond" so that n(E) = 1 and n(S) = 52. Hence the 
probability of event E occuring is given by  
P(E) = 1 / 52  
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Question 7: A card is drawn at random from a deck of cards. Find the probability of getting a 
queen.  
Solution  

 The sample space S of the experiment in question 7 is shown above (see question 6)  
 Let E be the event "getting a Queen". An examination of the sample space shows that 

there are 4 "Queens" so that n(E) = 4 and n(S) = 52. Hence the probability of event E 
occurring is given by  P(E) = 4 / 52 = 1 / 13  

Question 8: A jar contains 3 red marbles, 7 green marbles and 10 white marbles. If a marble 
is drawn from the jar at random, what is the probability that this marble is white?  
Solution  

 We first construct a table of frequencies that gives the marbles color distributions as 
follows  
color frequency 

red 3 
green 7 
white 10 

 We now use the empirical formula of the probability  

 Frequency for white color 
P(E)= ________________________________________________ 

 Total frequencies in the above table 
 = 10 / 20 = 1 / 2  

Question 9: The blood groups of 200 people is distributed as follows: 50 have type A blood, 
65 have B blood type, 70 have O blood type and 15 have type AB blood. If a person from this 
group is selected at random, what is the probability that this person has O blood type?  
Solution  

 We construct a table of frequencies for the the blood groups as follows  
group frequency 
A 50 
B 65 
O 70 
AB 15 

 We use the empirical formula of the probability  

 Frequency for O blood 
P(E)= ________________________________________________ 

 Total frequencies 
 = 70 / 200 = 0.35  
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Chapter 4 
 
The Pigeonhole Principle:  
The pigeonhole principle states that if n items are put into m pigeonholes with n > m, then at 
least one pigeonhole must contain more than one item. 
If n + 1 Pigeon are placed into n The Pigeonhole, then some box contains at least 2 Pigeon. 
Proof: Suppose that each Pigeonhole contains at most one Pigeon. Then there must be at most 
n Pigeon in all. But this is false, since there are n + 1 Pigeon. Thus some Pigeonholes must 
contain at least 2 Pigeon. 
 
The Generalized Pigeonhole Principle: the pigeonhole principle states that if n pigeon are 
put into m pigeonholes with n > m, then at least one pigeonhole must contain more than one 
item. 
 
Proof: First of all give the numbers to all pigeonholes that is 1 through m. Then give the 
number to the pigeons that is 1 through m. 
Assign pigeon 1 to pigeonhole 1, and so on. The remaining pigeons are (n-m).Again start 
assigning the remaining pigeons from pigeonhole 1 onwards. So one pigeonhole can have 2 or 
more pigeons. 
 
Example1: Out of 15 students 2 students can have same month of birth, because the months are 12. 
Example2: In an examination of 20 marks as the maximum and if there are 50 students 
writing the examination then there will be at least 2 students who are having same mark. 
(There should be only integer values as marks) 
Example 3: 51 numbers are chosen from the integers between 1 and 100 inclusively. Prove 
that 2 of chosen integers are consecutive. 
Since the existence of consecutive integers is the main theme of the problem, it is natural to 
form pigeonholes using consecutive integers. We partition the 100 integers into 50 pairs of 
consecutive integers as pigeonholes: (1,2), (3,4),(5,6)….(99,100). Let the 51 chosen integers 
be pigeons. By pigeonhole principle, when we choose 51 integers, there is atleast 1 
pigeonhole containing [51/50]=2 pigeons. Therefore, there are 2 consecutive integers among 
the 51 chosen integers. 
 
Derangements  

A derangement is a permutation of the elements of a set such that none of the elements appear 
in their original position. For example suppose that a professor has graded 4 tests for 4 
students -- student A, student B, student C, and student D. However, the professor mixed up 
the tests when handing them back, and now none of the students has the correct test. How 
many ways could the professor have mixed them all up in this way? Out of 24 possible 
permutations for handing back the tests, there are only 9 derangements: 

BADC, BCDA, BDAC, 

CADB, CDAB, CDBA, 

DABC, DCAB, DCBA. 
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In every other permutation of this 4-member set, at least one student gets the right test. The 
formula for calculation the number of de arrangements is either 

1 1 1 1! 1 .......... ( 1)   for n>0
1! 2! 3! !

n
nD n

n
        
 

 

Or    n n 1 n 2D n 1 D D for all  n=3,4,......     

For de arrangements if n=1 then D1=0, if n=2 then D2=1 

 

Derangement is a permutation in which none of the objects appear in their "natural" (i.e., 
ordered) place. For example, the only derangements of are and , so 

. Similarly, the derangements of are , , , 
, , , , , and . Derangements are 

permutations without fixed points (i.e., having no cycles of length one). 

A derangement is a permutation with no fixed points. That is, a derangement of a set leaves 

no element in its original place. For example, the derangements of  are 

 and , but  is not a derangement of  because 2 is a fixed point. 

Example 

Suppose that 4 cards labeled 1 to 4 are placed randomly into 4 boxes also labeled 1 to 4, one 

card per box. What is the probability that no card gets placed into a box having the same label 

as the card? 

 

Solution 

This is the number of derangements of 4 objects. We can know the formula for derangements 

or count in one of two ways: 

Counting directly:   The card labeled 1 has 3 places to go. Without loss of generality we may 

say that it goes in the place marked 2. Now, if card 2 goes into box 1, we have only one 

possibility because cards 3 and 4 must be interchanged. Otherwise, there are 2 possibilities for 
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card 2, and each of these leads to one more possible arrangement (if card 2 goes in box 3, card 

3 must go in box 4 and card 4 in box 1, while if card 2 goes in box 4, card 4 must go in box 3, 

and card 3 must go in box 1). This gives us a total of  good arrangements. 

(Equivalently, one could say that the only permutations of 4 objects with no fixed points are 

those with cycle notation  and , of which there are 6 and 3, respectively.) Thus 

the probability is . 
 

  and   

The first few are 0, 1, 2, 9, 44, 265, 1854 

Catalan numbers 

The Catalan numbers form a sequence of natural numbers that occur in various counting 
problems, often involving recursively defined objects. They are named after the Belgian 
mathematician Eugène Charles Catalan. The nth Catalan number is given directly in terms of 
binomial coefficients by 

for n>0 

and hence the first Catalan numbers for n = 0, 1, 2, 3, … are 1, 1, 2, 5,……. 

1. Balanced Parentheses 
 
Suppose you have n pairs of parentheses and you would like to form valid groupings of them, 
where “valid” means that each open parenthesis has a matching closed parenthesis. For 
example, “(()())” is valid, but “())()(” is not. How many groupings are there for each value of 
n? Perhaps a more precise definition of the problem would be this: A string of parentheses is 
valid if there are an equal number of open and closed parentheses and if you begin at the left 
as you move to the right, add 1 each time you pass an open and subtract 1 each time you pass 
a closed parenthesis, then the sum is always non-negative. Example 
n = 0: * 1 way 
n = 1: () 1 way 
n = 2: ()(), (()) 2 ways 
n = 3: ()()(), ()(()), (())(), (()()), ((())) 5 ways 
n = 4: ()()()(), ()()(()), ()(())(), ()(()()), ()((())), 14 ways 
(())()(), (())(()), (()())(), ((()))(), (()()()), 
(()(())), ((())()), ((()())), (((()))) 
n = 5: ()()()()(), ()()()(()), ()()(())(), ()()(()()), ()()((())), 42 ways 
()(())()(), ()(())(()), ()(()())(), ()((()))(), ()(()()()),  ()(()(())), ()((())()), ()((()())), ()(((()))), (())()()(), 
(())()(()), (())(())(), (())(()()), (())((())), (()())()(), (()())(()), ((()))()(), ((()))(()), (()()())(), (()(()))(), 
((())())(), ((()()))(), (((())))(), (()()()()), (()()(())), (()(())()), (()(()())), (()((()))), ((())()()), ((())(())), 
((()())()), (((()))()), ((()()())), ((()(()))), (((())())), (((()()))), ((((())))) 
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2 Mountain Ranges 
How many “mountain ranges” can you form with n upstrokes and n down strokes that all stay 
above the original line? If, as in the case above, we consider there to be a single mountain 
range with zero. Note that these must match the parenthesis-groupings above. The “(” 
corresponds to “/” and the “) to “\”.  
 

 
 
3 Polygon Triangulation 
If you count the number of ways to triangulate a regular polygon with n + 2 sides, you also 
obtain the Catalan numbers. Figure 2 illustrates the triangulations for polygons having 3, 4, 5 
and 6 sides. 
 

 
 
Questions: 

1. If you have 7 pairs of parentheses then how many valid groups of them one can make?  

Ans: C7=
 2 7 ! 14!C7
8! 7! 8! 7 !


 
 

=132 

2. The number of ways one can triangulate a regular polygon with 5 + 2 sides is 

Ans: C5=
 2 5 ! 10! 7* 8* 9* 10C5 42
6 ! 5! 6 ! 5! 1* 2* 3* 4* 5
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Stirling numbers 

The Stirling numbers of the second kind 
n
k
 
 
 

count the number of ways to partition a set of n 

labelled objects into k nonempty subsets. They can be calculated using the following explicit 
formula:  

   
jk

n

j 0

n k1 1   k-j
k jk ! 

   
    

   
  

Bell number is the sum over the values for k of the Stirling numbers of the second kind 

n

k 0

n
Bn

k

 
  

 
  

It is the total number of partitions of a set with n members. 

A table of the Stirling numbers of the second kind through
10
10
 
 
 

  is given below 

 

Strirling numbers are used to find out the number of possible partitions of n objects into 
separate classes. Each object must be in one and only one class and partitions with empty 
classes are not allowed. A question we might easily ask is how many ways can we partition n 
objects into k classes? For example, how many ways can we partition 4 objects into 2 classes? 
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This number is denoted 
4
2
 
 
 

 and is called a Stirling number of the second kind. To solve for 

4
2
 
 
 

we can simply enumerate all of the cases and it can be.  

 

This is done in 7 ways. 

The recurrence formula for stirling number is 

n n 1 n 1
k

k k 1 k
      

           
 

Problems 

1.  Find 
5
4
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Chapter 5 

Generating function 

A generating function is a formal power series in one indeterminate, whose coefficients 
encode information about a sequence of numbers an that is indexed by the natural numbers. 
There are various types of generating functions, including ordinary generating functions, 
exponential generating functions, Lambert series, Bell series, and Dirichlet series.  
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Priliminary formulas of the nonnegative integers are given in the following table. 

  

series 

1 
 

 

 

 

 

 

k

k 0

1 x 1 x x2 ............ for x 1
(1 x )





     
   

x k 2

k 0

1 1e x 1 x x .......... for x
k ! 2!





        

Ordinary Generating Functions 

The ordinary generating function of a sequence ak is 

k 0 1 2
k 0 1 2

k 0
G( x ) a x a x a x a x ...........





      

Example 

1. Suppose that ak=1 for all k=0,1,2..... then the exponential function is  
k 2

k 0

1G( k ) 1x 1 x x ............
(1 x )





     
  

 

Exponential generating function 

The exponential generating function of a sequence an is 
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Example: 

1. Suppose that ak=1 for all k=0,1,2..... then the exponential function is  
0 1 2

k

k 0

x x xEG( k ) 1x 1. 1. ............
0! 1! 2!





      

  
1 2

xx x1 ............ e
1! 2!

      

Probability generating function 

Let pk  be the probability for the kth event to occur then the Probability generating function of 
a sequence pk is 

k 0 1 2
k 0 1 2

k 0
G( x ) p x p x p x p x ...........





      

Example 

1. The probability generating function for tossing a coin is  

k 0 1 0 1
k 0 1

k 0

1 1G( x ) p x p x p x x x
2 2





      

2. The probability generating function for tossing a dice is  
k 0 1 2 3 4 5

k 0 1 2 3 4 5
k 0

G( x ) p x p x p x p x p x p x p x




        

0 1 2 3 4 51 1 1 1 1 1x x x x x x
6 6 6 6 6 6

       

 

 

 

 

 

 

 

 

Recurrence relation 
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Recurrence relation is an equation that recursively defines a sequence, once one or more 
initial terms are given: each further term of the sequence is defined as a function of the 
preceding terms. 

An example of a recurrence relation is the logistic map: 

 

with a given constant r; given the initial term x0 each subsequent term is determined by 
this relation. 

The Fibonacci numbers are the archetype of a linear, homogeneous recurrence relation with 
constant coefficients (see below). They are defined using the linear recurrence relation 

 

with seed values: 

 
 

Explicitly, recurrence yields the equations: 

 
 
 

etc. 

We obtain the sequence of Fibonacci numbers which begins: 

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, ... 
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Partially order sets: 

A partial order is a binary relation "≤" over a set P which is reflexive, antisymmetric, and 
transitive, i.e., for all a, b, and c in P, we have that: 

 a ≤ a (reflexivity);  
 if a ≤ b and b ≤ a then a = b (antisymmetry);  
 if a ≤ b and b ≤ c then a ≤ c (transitivity).  

In other words, a partial order is an antisymmetric preorder. 

A set with a partial order is called a partially ordered set (also called a poset). 

A poset (L, ≤) is a lattice if it satisfies the following two axioms. 

1. Existence of binary joins  
For any two elements a and b of L, the set {a, b} has a join: (also known as the 
least upper bound, or the supremum).  

2. Existence of binary meets  
For any two elements a and b of L, the set {a, b} has a meet: (also known as 
the greatest lower bound, or the infimum).  

Standard examples of posets arising in mathematics include: 
 The real numbers ordered by the standard less-than-or-equal relation ≤ (a totally 

ordered set as well).  
 The set of natural numbers equipped with the relation of divisibility.  
 The vertex set of a directed acyclic graph ordered by reachability.  
 The set of subsets of a given set (its power set) ordered by inclusion (see the figure on 

top-right).  
 

Partial orders generalize the more familiar total orders, in which every pair is related. A finite 
poset can be visualized through its Hasse diagram, which depicts the ordering relation. 

 

The Hasse diagram of the set of all subsets of a three-element set {x, y, z}, ordered by 
inclusion. 
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The name "lattice" is suggested by the form of the Hasse diagram depicting it. Shown here is the 
lattice of partitions of a four-element set {1,2,3,4}, ordered by the relation "is a refinement of". 

An algebra <L,,> is called a lattice if is a nonempty set, and are binary operations on 
L, both and are idempotent, commutative, and associative, and they satisfy the absorption 
law. The study of lattices is called lattice theory.  

Lattice (order), a partially ordered set with unique least upper bounds and greatest lower 
bounds  
Lattice (group), a repeating arrangement of points  
Lattice (discrete subgroup), a discrete subgroup of a topological group with finite 
covolume  
Lattice graph, a graph that can be drawn within a repeating arrangement of points  

A semilattice is a structure S = (S,·), where · is an infix binary operation, called the semilattice 
operation, such that 
· is associative:   (xy)z = x(yz), 
· is commutative:   xy = yx and 
· is idempotent:   xx = x.  

An algebraic structure (L, ), consisting of a set L and two binary operations , and , 
on L is a lattice if the following axiomatic identities hold for all elements a, b, c of L. 

Commutative laws 
,  
.  

    
Associative laws  

, 
. 
    

Absorption laws  
, 
. 

The following two identities are also usually regarded as axioms, even though they follow 
from the two absorption laws taken together. 

Idempotent laws  
,  
.  
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Chapter 6 
 
Graph Theory 
 
A graph is a pair of sets (V, E), where V is the set of vertices and E is the set of edges, 
formed by pairs of vertices. E is a multiset, in other words, its elements can occur more than 
once so that every element has a multiplicity. 
Conceptually, a graph is formed by vertices and edges connecting the vertices. 
 
Example. 
 
 
 
 
 
 
 
 
 
 
 
Often, we label the vertices with letters (for example: a, b, c, . . . or v1, v2, . . . ) or numbers 1, 
2, . . .  
 
Example.  (Continuing from the previous example) We label the vertices as follows: 

 
We have V = {v1, . . . , v5} for the vertices and E = {(v1, v2), (v2, v5), (v5, v5), (v5, v4), (v5, v4)} 
for the edges. Similarly, we often label the edges with letters (for example: a, b, c, . . . or e1, 
e2, . . . ) or num-bers 1, 2, . . . for simplicity. 

Remark. The two edges (u, v) and (v, u) are the same. In other words, the pair is not 

ordered. Example. (Continuing from the previous example) We label the edges as follows: 
 
 

 
So E = {e1, . . . , e5}. 
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We have the following terminologies: 

 
1.   The two vertices u and v are end vertices of the edge (u, v). 

 
2. Edges that have the same end vertices are parallel.  

 
3. An edge of the form (v, v) is a loop.  

 
4. A graph is simple if it has no parallel edges or loops.  

 
5. A graph with no edges (i.e. E is empty) is empty.  

 
6. A graph with no vertices (i.e. V  and E are empty) is a null graph.  

 
7. A graph with only one vertex is trivial.  

 
8. Edges are adjacent if they share a common end vertex.  

 

9. Two vertices u and v are adjacent if they are connected by an edge, in other words (u,v) 
is an edge. 

 
10. The degree of the vertex v, written as d(v), is the number of edges with v as an end 

vertex. By convention, we count a loop twice and parallel edges contribute separately.  
 

11. A pendant vertex is a vertex whose degree is 1.  
 

12. An edge that has a pendant vertex as an end vertex is a pendant edge.  
 

13. An isolated vertex is a vertex whose degree is 0.  
 
Example.  (Continuing from the previous example) 
 

• v4  and v5  are end vertices of e5.   
• e4  and e5  are parallel.  

 
• e3  is a loop.  

 
• The graph is not simple.  

 
• e1  and e2  are adjacent.  

 

• v1  and v2  are adjacent.   
• The degree of v1  is 1 so it is a pendant vertex.   
• e1  is a pendant edge.   
• The degree of v5  is 5.   
• The degree of v4  is 2.  

 
• The degree of v3  is 0 so it is an isolated vertex.  
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Graphs are labels as   G = (V, E). 
 
The minimum degree of the vertices in a graph G is denoted δ(G) (= 0 if there is an isolated 
vertex in G). Similarly, we write Δ(G) as the maximum degree of vertices in G. 
 
Example.  (Continuing from the previous example) δ(G) = 0 and Δ(G) = 5. 
 
Remark.  In this course, we only consider finite   graphs, i.e. V and E are finite sets. 
 
Since every edge has two end vertices, we get 
 
Theorem   The graph G = (V, E), where V  = {v1, . . . , vn} and E = {e1, . . . , em}, satisfies 
 




n

i 1
2m. = d(vi)  

 
 
Corollary.  Every graph has an even number of vertices of odd degree. 
 
Proof. If the vertices v1, . . . , vk have odd degrees and the vertices vk+1, . . . , vn have even de-
grees, then  
 

d(v1) + · · · + d(vk) = 2m − d(vk+1) − · · · − d(vn) is 
even. Therefore, k is even. 
 
Example. (Continuing from the previous example) Now the sum of the degrees is 1 + 2 + 0 + 
2 + 5 = 10 = 2 · 5. There are two vertices of odd degree, namely v1 and v5. 
 

A simple graph that contains every possible edge between all the vertices is called a 
complete graph. A complete graph with n vertices is denoted as Kn. The first four complete 
graphs are given as examples: 
 

 K 
3 

K 

K1 K2 
4

 
  
   

 
The graph G1  = (V1, E1) is a subgraph of G2  = (V2, E2) if  

1. V1  ⊆ V2  and  
 

2. Every edge of G1  is also an edge of G2.  
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Example From the graph G, the edges e2, e3 and e5 induce the subgraph 

 
The subgraph of G = (V, E) induced by the vertex set V1  ⊆ V  is: 
 

G1 = (V1, E1) =def. <V1>, 

where E1 consists of every edge between the vertices in V1. 
 
Example. (Continuing from the previous example) From the original graph G, the vertices v1, 
v3 and v5 induce the subgraph 

 
A complete subgraph of G is called a clique of G. 
 
  
 
 
 
 
Walks, Trails, Paths, Circuits, Connectivity, Components 
 
Remark. There are many different variations of the following terminologies. We will adhere 
to the definitions given here. 
 

A walk in the graph G = (V, E) is a finite sequence of the 
form vi0 , ej1 , vi1 , ej2 , . . . , ejk , vik ,  

which consists of alternating vertices and edges of G. The walk starts at a vertex. Vertices 
vit−1 and vit are end vertices of ejt (t = 1, . . . , k). vi0 is the initial vertex and vik is the terminal 
vertex. k is the length of the walk. A zero length walk is just a single vertex vi0 . It is allowed 
to visit a vertex or go through an edge more than once. A walk is open if vi0 6= vik . Otherwise 
it is closed. 
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Example. In the graph 

 
 
the walk 
                                      v2, e7, v5, e8, v1, e8, v5, e6, v4, e5, v4, e5, v4   is open.   
On the other hand, the walk 
 
                                       v4, e5, v4, e3, v3, e2, v2, e7, v5, e6, v4  is closed. 
 

A walk is a trail if any edge is traversed at most once. Then, the number of times that the 
vertex pair u, v can appear as consecutive vertices in a trail is at most the number of parallel 
edges connecting u and v. 
 
Example.  (Continuing from the previous example) The walk in the graph 
 

v1, e8, v5, e9, v1, e1, v2, e7, v5, e6, v4, e5, v4, e4, v4  is a trail. 
 

A trail is a path if any vertex is visited at most once except possibly the initial and 
terminal vertices when they are the same. A closed path is a circuit. For simplicity, we will 
assume in the future that a circuit is not empty, i.e. its length ≥ 1. We identify the paths and 
circuits with the subgraphs induced by their edges. 

Example.  (Continuing from the previous example) The walk   
v2, e7, v5, e6, v4, e3, v3    is a path and the walk 
v2, e7, v5, e6, v4, e3, v3, e2, v2  is a circuit. 

 
The walk starting at u and ending at v is called an u– v walk. u and v are connected if 

there is a u– v walk in the graph (then there is also a u– v path!). If u and v are connected and 
v and w are connected, then u and w are also connected, i.e. if there is a u– v walk and a v– w 
walk, then there is also a u– w walk. A graph is connected if all the vertices are connected to 
each other. (A trivial graph is connected by convention.)  
Example.  The graph 
 
 
 
 
 
 
 
 
is not connected.  

The subgraph G1  (not a null graph) of the graph G is a component of G if  
1. G1  is connected and  

 
2. Either G1 is trivial (one single isolated vertex of G) or G1 is not trivial and G1 is the 
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subgraph induced by those edges of G that have one end vertex in G1.   
 
Different components of the same graph do not have any common vertices because of the fol-
lowing theorem.  
Theorem   
If the graph G has a vertex v that is connected to a vertex of the component G1 of G, then v is 
also a vertex of G1.  
Proof. If v is connected to vertex v′ of G1, then there is a walk in G  
                                      v = vi0 , ej1 , vi1 , . . . , vik−1 , ejk , vik = v′.  
Since v′ is a vertex of G1, then (condition #2 above) ejk is an edge of G1 and vik−1 is a vertex of 
G1. We continue this process and see that v is a vertex of G1.  
 
Example. 

   
The components of G are G1, G2, G3  and G4. 
 
Graph Operations 
 
The complement of the simple graph G = (V, E) is the simple graph G = (V, E), where the 
edges in E are exactly the edges not in G. 
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Example.  The complement of the complete graph Kn  is the empty graph with n vertices. 
 
Obviously, G = G. If the graphs G = (V, E) and G′ = (V ′, E′) are simple and V ′ ⊆ V , then 
the difference graph is G − G′ = (V, E′′), where E′′ contains those edges from G that are not in 
G′ (simple graph). 
 
Example. 
 
 
 

G: G': 
 
 
 
 
 
 
 
 
 

G –G': 
 
 
 
 
 
 
Here are some binary operations between two simple graphs G1 = (V1, E1) and G2 = (V2, E2):  

• The union is G1  ∪ G2  = (V1  ∪ V2, E1  ∪ E2) (simple graph).  
 

• The intersection is G1  ∩ G2  = (V1  ∩ V2, E1  ∩ E2) (simple graph).  
 

• The ring sum G1 ⊕G2 is the subgraph of G1 ∪G2 induced by the edge set E1 ⊕E2 
(simple graph). Note! The set operation ⊕ is the symmetric difference, i.e.  

 
E1  ⊕ E2  = (E1  − E2) ∪ (E2  − E1). 

 
Since the ring sum is a subgraph induced by an edge set, there are no isolated vertices. All 
three operations are commutative and associative. 
 
Example.  For the graphs 
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Remark. The operations ∪, ∩ and ⊕ can also be defined for more general graphs other than 
simple graphs. Naturally, we have to ”keep track” of the mult iplicity of the edges: 
 
∪ : The multiplicity of an edge in G1 ∪ G2 is the larger of its multiplicities in G1 and G2. 
∩ : The multiplicity of an edge in G1 ∩ G2 is the smaller of its multiplicities in G1 and G2. 

 
⊕: The multiplicity of an edge in G1 ⊕ G2 is |m1 − m2|, where m1 is its multiplicity in G1 
and m2 is its multiplicity in G2.  

 
Directed Graphs 
 
A directed  graph  or  digraph  is  formed  by  vertices  connected  by  directed  edges  or   
Example. 
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A digraph is a pair (V, E), where V is the vertex set and E is the set of vertex pairs as in 
”usual” graphs. The difference is that now the elements of E are ordered pairs: the arc from 
vertex u to vertex v is written as (u, v) and the other pair (v, u) is the opposite direction arc. 
We also have to keep track of the multiplicity of the arc (direction of a loop is irrelevant). 

 
A digraph G is called weakly connected if the undirected underlying graph obtained by 
replacing all directed edges of G with undirected edges is a connected graph. A digraph is 
strongly connected or strong if it contains a directed path from u to v and a directed path 
from v to u for every pair of vertices u,v. The strong components are the maximal strongly 
connected subgraphs. 
Example 

 
A directed acyclic graph or acyclic digraph is a directed graph with no directed cycles. 
Example 
 

 
subgraph of a graph G is a graph whose vertex set is a subset of that of G, and whose 
adjacency relation is a subset of that of G restricted to this subset. In the other direction, a 
supergraph of a graph G is a graph of which G is a subgraph. 
 
A weighted graph associates a label (weight) with every edge in the graph. Weights are 
usually real numbers. They may be restricted to rational numbers or integers. The weight of a 
path or the weight of a tree in a weighted graph is the sum of the weights of the selected 
edges. Sometimes a non-edge is labeled by a special weight representing infinity. Sometimes 
the word cost is used instead of weight. When stated without any qualification, a graph is 
always assumed to be unweighted. In some writing on graph theory the term network is a 
synonym for a weighted graph. A network may be directed or undirected, it may contain 
special vertices (nodes), such as source or sink. 
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Example: 

 
Problems 
For the graph below: 

 

a. A snow plow starts at vertex 0 and must return to vertex 0 using a route which visits each edge 
at least once and repeats a minimum number of edges. Find such a route and how many repeated 
edges does it have? 
 
Assume that the edges all have the length, say length 1. 
 
b. Repeat doing question a. under the assumption that vertical edges have length 1, horizontal 
edges have length 5, and the "diagonal edges" have length 3. 
 
For the graph below: 

 
 

a. What is the shortest route from 0 to 3? What is the shortest route from 0 to 8? (Route 
length is the sum of the weights of the edges in the route. When no weight is assigned to 
an edge the weight is assumed to be 1.) 
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Trees 
A forest is a circuitless graph. A tree is a connected forest. A subforest is a subgraph of a forest. 
A connected subgraph of a tree is a subtree. Generally speaking, a subforest (respectively 
subtree) of a graph is its subgraph, which is also a forest (respectively tree). 
 
Example.  Four trees which together form a forest: 
 
 
 
 
 
 
 
 
 
 
 
 
A spanning tree of a connected graph is a subtree that includes all the vertices of that graph. If T 
is a spanning tree of the graph G, then 
 

G − T  =def.  T ∗ 
is the cospanning tree. 
 
Example. 
 
 
 
 

G: spanning tree: 
 
 
 
 

cospanning tree 
 
 
 
 
 
The edges of a spanning tree are called branches and the edges of the corresponding cospanning 
tree are called links or chords. 
 
If the graph G has n vertices and m edges, then the following statements are equivalent: 
 

(i) G is a tree.  
 

(ii) There is exactly one path between any two vertices in G and G has no loops.  
 
(iii) G is connected and m = n − 1.  

 
(iv) G is circuitless and m = n − 1.  

 
(v) G is circuitless and if we add any new edge to G, then we will get one and only one circuit.  
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Tree Diagram 
 
 
Definition of Tree Diagram 

 A tree diagram shows all the possible outcomes of an event. 
 All possible outcomes of an event are shown by a tree diagram. 

Examples of Tree Diagram 
 If a coin is tossed and the number cube is rolled simultaneously then the probability of 

getting head on the coin and the number 4 on the number cube is . 

 
 If two coins are tossed simultaneously then the possible outcomes are 4. The possible 

outcomes are HH, HT, TH, TT. The tree diagram below shows the possible outcomes. 

 
Solved Example on Tree Diagram 
A box has 1 red ball, 1 green ball and 1 blue ball, 2 balls are drawn from the box one after the 
other, without replacing the first ball drawn. Use the tree diagram to find the number of possible 
outcomes for the experiment.  

 
Solution:  
Step 1: The possible outcomes are RG, RB, GR, GB, BG, and BR.  
Step 2: So, the number of possible outcomes is 6. 
 

 


